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ALGEBRAIC CHARACTERIZATION OF THE SSC J 

AGHA KASHIF\ ZAHID RAZA^, IMRAN ANWAR^ 


Abstract. In this paper, we characterize the set of spanning trees of ^ (a sim¬ 
ple connected graph consisting of n edges, containing exactly one 1-edge-connected 
chain of r cycles Cj and \ is a forest). We compute the Hilbert series of 
the face ring k[As{Gn,r)] the spanning simplicial complex As{Gn,r)- Also, we 
characterize associated primes of the facet ideal Ijr[As{Gn,r))- Furthermore, we 
prove that the face ring k[As{Gn,r)] is Cohen-Macaulay. 
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1. INTRODUCTION 

The study of simplicial complexes arising form a simple graph has been an impor¬ 
tant topic and attracted good literature. One popular chapter of this literature is 
the complementary simplicial complex Aq of a graph G; for example, see [ 12 ]. The 
notion of spanning simplicial complex (SSC) As(G) associated to a simple connected 
graph G(y,E) was firstly introduced in [1]. For uni-cyclic graphs Un,m, it is proved 
that As{Un,m) is shifted in [T]. Zhu, Shi and Ceng |T3| further investigated the 
algebraic and combinatorial properties of SSC associated to n-cyclic graphs with 
a common edge. In [9], the authors investigated the algebraic properties of SSC 
As(Gn,r) associated to r-cyclic graphs Gn,r (containing exactly r cycles having no 
edge in common). Moreover, they proved that the facet ideal Ijr{As{Gn,r)) has 
linear quotients with respect to its generating set and computed the betti numbers 
of Ijr{As{Gn,r)) for particular cases. Some other interesting classes of simple finite 
connected graphs are studied for SSC by Pan, Li and Zhu in m and Guo and Wu 
in [6|. 

In this paper, we investigate the class of spanning simplicial complexes As{Qn r) 
sociated to Where is a. connected graph having n edges, containing exactly 
one 1-edge-connected chain of r cycles C): and \ C): is a forest. In other words, 
^ is a graph consisting of r cycles such that every pair of consecutive cycles have 
exactly one edge common between them. If Gi,G2, ■ ■ ■ ,Gr are the r cycles of the 
graph forming C). with respective lengths mi,m 2 ,... ,mr then we fix the label 
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of edge set of ^ as follows; 

(1) E {eil,..., : ^21, • • • 5 0177^2 —1; . . . , Cj-l, . . . , (^rnir — ly ^ly • • • y ^t} 

r 

where, t = n — ^ rrij + (r — 1) and {en, ..., is the edge-set of ith-cycle such that 

i=l 

V = rrii for i = 1, v = rrii — 1 for i > 1 and Cn always represents the common edge 
between zth and (z-l-l)th-cycle (for 1 < z < r). We give the characterization of 
in 13.41 The formulation for / — vectors is presented in 13.51 which further applied 
to device a formula to compute the Hilbert series of the face ring k[As{Qn^j.)] 

13.7p . Moreover in 14.11 we characterize of all the associated primes of the facet ideal 
Ijr{As{Gnr))- Finally, we prove that the face ring k[As{Gnj.)] is Cohen-Macaulay in 

El 


2. Background and basic notions 

In this section, we give some background and preliminaries of the topic and dehne 
some notions that will be useful in the sequel. 

Definition 2.1. A spanning tree of a simple connected hnite graph G{V,E) is a 
subtree of G that contains every vertex of G. We represent the collection of all 
edge-sets of the spanning trees of G by s(G), in other words; 

s{G) := {E(Ti) C E, where Ti is a spanning tree of G}. 

For any simple connected graph G, the authors mentioned the cutting-down method 
to obtain all the spanning trees of G in [1] . According to this method a spanning tree 
is obtained by removing one edge from each cycle appearing in the graph. However, 
for the graph Qf ^ with r cycles having one edge common in every consecutive cycles 
and the labeling given in (1), one can obtain its spanning trees by removing exactly 
r edges from the graph with not more than two edges deleted from any cycle. Also, 
keeping in view that if a common edge between two cycles is removed then only one 
edge can be removed from the non common edges explicitly from the cycles on the 
either side of the common edge. 

For example by using the above said cutting-down method for the graph Q\q 2 given 
in £g. 1: 

■ 5 (^ 10 ,2) ~ {{^1) ^2, ^ 3 ) 64, ei 3 , Cii, 623, 621}, {ci, 62, 63, 64, ei 3 , Cii, 623, 622}, 

{ei, 62, 63, 64, ei3, eii, 621, 622}, {ei, 62, 63, 64, 643, 623, 621, 622}, {ci, 62, 63, 64, ei2, en, 623, 621} 

{ci, 62, 63, 64, ei2, Cii, 623, 622}, {ci, 62, 63, 64, 612, 611, 621, 622}, {ci, 62, 63, 64, 612, 623, ^21, 622} 

{61, 62, 63, 64, 613, 612, 623, 622}, {ci, 62, 63, 64, 613, 612, 623, 621}, {61, 62, 63, 64, 613, 612, 621, 622} 

{61, 62, 63, 64, 613, 623, 621, 622}, {ei, 62, 63, 64, 612, 623, 621, 622}} 
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Definition 2.2. A simplicial complex A over a finite set [n] = {1, 2,..., n} is a 
collection of snbsets of [n], with the property that {i} G A for all i G [n], and if 
F G A then A will contain all the snbsets of F (inclnding the empty set). An 
element of A is called a face of A, and the dimension of a face F of A is defined as 
|F| — 1, where |F| is the nnmber of vertices of F. The maximal faces of A nnder 
inclnsion are called facets of A. The dimension of the simplicial complex A is ; 

dim A = max{dimF|F G A}. 

We denote the simplicial complex A with facets {Fi,..., F^} by 

A = (Fi,...,F,) 

Definition 2.3. For a simplicial complex A over [n] having dimension d, its / — 
vector is a d + 1 -tnple, defined as: 

/(A) = (/o,/i,...,/,) 

where fi denotes the nnmber of i — dimensional faces in A. 

Definition 2.4. (Spanning Simplicial Complex ) 

Let G{y, F) be a a simple finite connected graph and s{G) = {Ei, E 2 , ..., F^} be 
the edge-set of all possible spanning trees of G(y,E), then we defined (in [T]) a 
simplicial complex As(G) on F snch that the facets of As(G) are precisely the 
elements of s{G), we call As(G) as the spanning simplicial complex oi G(y,E). In 
other words; 

A,(G) = (Fi,F 2 ,...,Fi). 

Here we recall a definition from |1]. 

Definition 2.5. Let A be a simplicial complex with vertex set V = [n] and facets 
Fi, F 2 ,..., Fg. A vertex cover for A is a snbset A of V snch that A n Fj 7 ^ 0 for all 
i & {1,2,... ,q}. A minimal vertex cover of A is a snbset A of V snch that A is a 
vertex cover, and no proper snbset of A is a vertex cover for A. 

For example, the minimal vertex covers for the spanning simplicial complex IS.s{Q\q 2 ) 
given in Fig. 1, are as follows: 

{ei}, { 62 }, {es}, { 64 }, {ei 3 , 642 }, { 623 , 622 } 


3. Spanning trees of and Face ring 

In this section, we discnss the combinatorial properties of We use to 

denote the total number of cycles contained in We begin with the elementary 

result, that tells the total number of cycles contained by 


Proposition 3.1. The total number of cycles in the graph will be 




r(r -|- 1) 


3 
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Proof. As the graph Qf ^ contains one-edge connected chain of r cycles {Ci, C 2 ,..., Cr}. 
By removing the common edges between any number of consecutive cycles, we ob¬ 
tain a cycle by the remaining edges. The cycle obtained in this way by adjoining 
consecutive cycles Cj, Cj+i,..., Q+fc is denoted by Therefore, we get 

the following cycles 


^1,2? ^2,3? • • • ? ^1,2,3? • • • ? ^r-2,r-l,r? • • • ? ^2,3,...,r5 ^12,3,...,' 


Hence, the set of all possible cycles contained in the graph Qf ^ will be 
{Ci,i+i,...,i+fc I i e {1,2,... ,r - k} and 0 < k <r - 1}. 
Therefore, we get the total number of cycles contained in the graph Qf ^ as 

r—1 r—k 




r(r -|- 1) 


k=0 i=l 


□ 


It is clear from above proposition that the cycle is obtained by removing 

the common edges in between the adjacent cycles Ci, Cj+i,..., Ci+k- We denote the 

length of cycle Ci,i+i ..,i+k by |Ci,i+i ..,i+k|- 

Proposition 3.2. Let be a graph containing the one-edge connected chain 
of r cycles {Ci, C 2 , ■ ■ ■, Cr), then the length of cycle Ci^i+i^...^i+k will be 


C, 


2,2 + 1 , 


E 

Q ;=0 


a 


i-\-OL 


2k. 


Proof. It is clear from above that is obtained by deleting the common 

edges shared by the adjacent cycles {Ci, Cj+i,..., Cj+fc} in Therefore, the 

length of the cycle is obtained by adding lengths of all Cj, Cj+i,..., Cj+fc 

and subtracting 2k from it, since the common edges are being counted twice. Hence, 
we have 


a 


2,2 + 1,...,2+/c 


E 

Q :=0 


C 


i+cx 


2k. 


□ 


We use |Ci,i+i^...a+k n - denote the number of edges shared by 

the cycles and The following proposition characterizes 

|Cj^j+i P) Cjj_|_i^...j_i_/| in Gn^r- 

Proposition 3.3. Let be a graph containing the one-edge connected chain C{ 

of r cycles (Ci, C 2 ,..., Cr) of lengths mi, m 2 ,..., mr, then for 1 < /c < / < r we 
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have 


a 


2,2+l,...,2+fc 


nc.. 


j+i, 


^ 1, 


i + k=j-l- 


-2, 

i + k = j + a; 0 < a < k — 1; 


-1, 

i + k = j + k] 

\^j,j+^,-,j+i\ 


i + k = j + 1 and 1 = k] 

1 1 

-2, 

i + k = j + a; k + l<a<l — 1 

1 Ci,i+l,...,i+k 1 

-1, 

i + k = j + 1; 

1 C'i,i+l,...,i+k— 

a| -2, 

i + k = j + 1 + a] 1 < a < k] 

1, 


i = j + 1 + 1] 

0 , 


otherwise. 


Proof. Here we denote = 


a 




Now for 1 < k < I < r we discuss the following cases for 


a 




na 




Case (i): If i + k = j — 1, then the right most edges of the cycle are 

from its adjoining cycle Q+fc and the left most edges of the cycle 
are from its adjoining cycle Cj+i, and since Ci+k and Cj+i are consecutive so 
they have only one edge in common. 

Case (ii): If i + k = j + a] 0 < a < k — 1, then the left most a adjoining 
cycles of the cycles of i.e., Cj,Cj+i, ... ,Cj+a coincide with the 

right most a adjoining cycles of the cycles of Therefore, the 

intersection fj will contain all edges of ex¬ 
cept its two edges, one the edge of which is the common edge of 

Cj+a and Cj+a+i and second the edge of which is common edge 

between Cj and Cj_i. 

Case (iii): If i + k = j + k and k < I, then i = j and therefore the cycle 
lies completely in the cycle except its one edge which 

is the common edge between its adjoining cycle Cj+k and the cycle Cj+k+i- 
Therefore the intersection fj will contain all edges of 

Cj,j+i,...,j+k except one. 

Case (iv): If i + k = j + l + a; I < a < k, then the left most k — a + 1 adjoining 
cycles of the cycle which are Cj,Cj+i, ... ,Ci+k-a coincide with 

the right most k — a + 1 adjoining cycles of the cycle Hence the 

intersection fj will contain all the edges of the cycle 

except two; one is the common edge of its adjoining cycle Ci 
and the cycle Ci-i and the other is the common edge of its adjoining cycle 
Ci+k-a and the cycle Ci+u-a+i- 

The remaining cases can be proved in the similar way. □ 

Lemma 3.4. Characterization of 

Let be the r— cycles graph with edge set E as dehned in eq (1), then a subset 
C E, where ja G {l,2,...,r}, + E - 1}; > 2 

and ia E {1,2,... ,mi}; ja = 1, will belong to if and only if it satishes any 

of the following: 
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(1) if jaia 7^ jal for all a except for which jaia = ria, then j2*2,-jrir)) = 

E \ {Clii) 62*2) • • • ) ^rir} 

(2) if ja'^a Jol for any cr, then -^(^(71*1,72*2,■■■jir*r)) ^ \ ^72*2) • • • 1 ^ir*r} 

where, ..., ..., will contain exactly one 

edge from Q^o^+i) \ {eo„-i)i, 

( 3 ) if jaia = jal for a G {ri, ri + 1 ,..., r2}, where 1 < ri < r2 < r then 

(a) if ..., are common edges from consecutive cycles then 

-^(^(il*l,i 2 * 2 ,---Jr*r)) ~ ^^ 2 * 2 ) ' ' ' ) ^jrir} SUCh that Sjjij , • • • , Gjrir}\ 

{e>ii, ..., will contain exactly one edge from 

(b) if none of ..., are common edges from consecutive 

cycles then j2*2,...,>ir-)) = ^ \ {eiPi, 6^2*2,..., such that for 

each edge ej^^i case 2 holds. 

(c) if some of ..., ej^^i are common edges from consecutive cy¬ 
cles then = -S\ {eiPi, 6^2*2, • • •, such that ( 3 .(a)) 

is satished for the common edges of consecutive cycles and ( 3 .( 6 )) is sat- 
ished for remaining common edges. 

In particular, if we denote the above classes of subsets of E by C(i), C(2), C(3a), C(36), C{3c) 
respectively then, 

s(^ir) = C{ 1 ) U^( 2 ) U^( 3 a) IJ U ^( 3 ^) 

Proof. Since ^ is a r-cycles graph with cycles Ci, C2 ,... ,Cr and Cn, 621,..., ep_i)i 
as common edges between consecutive cycles and by cutting down process a total 
of r edges must be removed with not more than one edges from the non common 
edges of each cycle. Therefore, in order to obtain a spanning tree of ^ with none 
of common edges cn, 621,..., ep-i)i to be removed, we need to remove exactly one 
edge from the non common edges from each cycle. This explains the case ( 1 ) of the 
above lemma. 

Now for a spanning tree of such that exactly one common edge ej^i is re¬ 
moved, we need to remove precisely r — 1 edges using cutting down process from the 
remaining edges. However, from the non common edges of the cycle , we 

cannot remove more than one edge (since that will result in a disconnected graph). 

This explains the proof of case of ( 2 ) of the lemma. 

Next for the case ( 3 .a), we need to obtain a spanning tree of such that r2 — ri 
common edges must be removed from consecutive cycles. If ..., are 

consecutive cycles then the remaining r — (ri — r2) edges must be removed in such a 
way that exactly one edge is removed from the non common edges of C'>ii{ri+i)vjr2 
and the remaining r — (ri — r2) cycles of the graph Qf ^ which concludes the case. 

The remaining cases of the lemma can be visualised in similar manner using the 
above cases . Consequently, if we denote the above disjoint classes of subsets of E 
by C(i),C(2),C(3a),C(3b),C(3c) respectively, then, we get the desired result for 
as follows: 

4 Gn,r) = C{ 1 ) 1 J^( 2 ) U^( 3 “) U^( 3 ^) U ^( 3 c) 
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Our next result is the characterization of the /-vector of 


Proposition 3.5. Let be a spanning simplicial complex of the graph 

then the dim{As{Gi^^)) =n-r-l with/-vector/(A^(^/ ,,)) = (/o,/i,...,/n-r-i' 
and 


f^ = 


n 

i + 1 


+ E(-i)' 

k=l 


k r-1 

E E E 

j=l ksj=0 


^ k k 

Tl ^ ~h ^ ] I ,2s^+/cs^ ,2s^+1,...,is^-t-fc. 


V 


V l^Sy 

. ^ tj tj tj tj -t ' ' 

J = 1 u,v=l 

k k 

* “I" 1 ~ E '^ispisj+l,--;isj+ksj ~h E fl ,*s„+fcs 


i=i 


UyV=l 


where 0 <i<n — r — 1 


Proof. Let E be the edge set of and C(i),C( 2 ),C( 3 a),C( 36 ),C( 3 c) are disjoint classes 
of spanning trees of Ghr then from lemma 3.2 we have 


'S(^n,r) - ^(1) U ^(2) IJ C(3a) IJ C(3fe) IJ ^(^c) 

Therefore, by dehnition 2.4 we can write 


A.(ey) = (c,., IJC,,, UC(3a) UC(3M UC(3o)) 

Since each facet j 2 i 2 ,-,irir) = -^(Eiin.i 2 * 2 ,.-Jrir)) is obtained by deleting ex¬ 
actly r edges from the edge set of Gnr^ keeping in view lemma 3.2, therefore dimen¬ 
sion of each facet is same i.e., n — r — 1 ( since j 2 * 2 ,...jr*r)l = n — r ) and hence 
dimension of As{Gnr) ''^iii be n — r — 1. 

Also it is clear from the dehnition of As{Gnr) i'hat it contains all those subsets 
of E which do not contain the sets {cn,..., Cimi} and {e(j_i)i, e^i,..., for 

all 2 < i < r, i.e., those subsets of E which do not contain any cycle in the graph Gn r- 

Now by lemma 3.1 the total cycles in the graph Ghr <^ 1 , 1 + 1 ,...,i+A: i G 

{1,2, ...,r — k} and 0 < k < r — 1, and their total number is r. Let E be 
any subset of E of order i -f 1 such that it does not contain any i G 

(1, 2,..., r — A;} and 0 < A; < r — 1, in it. The total number of such E is indeed /*. 
We use inclusion exclusion principle to hnd this number. Therefore, 
fi = Total number of subsets of E of order A -|- 1 not containing i G 

(1, 2,..., r — A;} and 0 < k < r — 1. 

By Inclusion Exclusion Principle we have. 
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1 r-1 r-ksj 

fi= ( Total number of subsets of i? of order i + 1 ) —( X] X] X] number of sub¬ 


sets of E of order i + 1 containing Ci^ ^ ^ +A:s ) + ( X] X] X] number of sub 




j=l ksj=0 isj=l 
2 r-1 


j=l ksj=0 isj=l 


r r-1 '■“S 


sets of i? of order i-|-l containing both j—•• •-!-(— 1 )^( X] X] X] 

number of subsets of E of order i + 1 containing each j 


j=l ksj=0 isj=l 


This implies 


/.= 


n 

i + 1 


r-ksj 


n 'rriis^,isi+i,...,isi+ksi 


r 1 r—1 

Sfc.^oi.pi V * + 1 “ mis„is,+i,...,is,+ks, 
2 2 


+ 


2 r-1 


E E E 

1=1 ksj=0 *sj =l 

_... + (_!)- 

r r-1 ’■-^*1 

E E E 

J—1 ksj —0 isj —1 

'his implies 


n 




j=l 


V 


2 2 

i + l- E"^s,s+i,...,s+fc.^ + E |c. + l,...,'is^ +fcs^ I 

J = 1 u,v=l 

T T 

n - E -h E |c. n C'isriisr H-l,...,'is^ +fcs^ I 

^=1 ii,t;=l 

T T 

* + 1 - E nr* i +i,...,i +fc -h E |c. n C'isriisr + l,...,'is^ +fcs^ I 


j=l 


/* = 


n 

i + l 


+ E(-i)' 


fc=i 


fc r-1 ^-^‘>3 

E E E 

1=1 A:sj =0 *sj =l 


/ k k 

/ n-i + 1 ,.. . +fc + E \C, 


n ^isy,isy -\-ks^ 


J=1 


V 


i -|- 1 — ^ m. 


u,v=l 
k 


'isj-,isj-\-^-,----,isj-\-ksj ^ ^ \^'^Su Asu~^^ 1 ---j'^Su~\~^Su I \ ^isu ,isu-\-l,----,isv-\-ks. 

j=l u,v=l 


na 


Corollary 3 . 6 . Let As{Qn2) ® spanning simplicial complex of a graph with 2 
cycles of lengths mi, m2 having one edge common, then the dim{As{Gn 2)) = n — 3 
with f-vectors /(A^(GE)) = (/o, /i, • • •, fn-s) and 


/.= 


n 


n — mi )_|_j ^ ~ ''^2 I -|- ( ^ ~ "^^’2 

i-fl-mi j \ i + 1 - m2 J li-hl - mi ^2 


n - mi - mi,2 + |Ci n Ci,2| 
i - 1 - 1 - mi - mi ,2 + |Ci n Ci,2| 


i + 1 

n — mi — m2 + \Ci n C2I 
i -F 1 - mi - m 2 -h |Ci n C 2 I 
n - m2 - mi,2 -h IC2 n Ci,2| 
i -T 1 - m 2 - mi,2 + IC 2 n Ci,2 

n — mi — m2 — mi,2 -l- |Ci fl C2I -|- |Ci fl Ci,2| -l- IC2 fl Ci,2| 
i + l — mi — m2 — mi,2 -l- |Ci n C2I -|- |Ci fl Ci, 2 | -l- IC2 fl Ci ,2 
where D < i < n — 3 . 


+ 


+ 



For a simplicial complex A over [tt,] , one would associate to it the Stanley-Reisner 
ideal, that is, the monomial ideal Ij\r{A) in S' = k[xi,X 2 , ■ ■ ■, Xn] generated by mono¬ 
mials corresponding to non-faces of this complex (here we are assigning one variable 
of the polynomial ring to each vertex of the complex). It is well known that the face 
ring fc[A] = S/Ij\f{A) is a standard graded algebra. We refer the readers to [8] and 
[12] for more details about graded algebra A, the Hilbert function H{A,t) and the 
Hilbert series Ht{A) of a graded algebra. 

Our main result of this section is as follows; 


Theorem 3.7. Let be the spanning simplicial complex of then the 

Hilbert series of the face ring is given by. 


d ( n Vi+1 d T 

H{kiA.{gi;)],t) = 1 + E iSwr + E E(-i)‘’ 

2=0 - 7 . 


2=0 k = l 
k 


k r-l '■"S' 

E E E 

j = l ks ■ =0 is ■ =1 


71 ^ '^is - ^ I ^isu fl ^is^ -• lisu-^-ks-u \ 

j = l 3 J 3 3 u,v = l 

k k 


2 + 1 — Y] 772 




isj ,isj +ks 


Yh \ ^isu AsuA-^T--,isuA-ks^ fl ^is^ ,is^ - fis^j A-ks^ \ 

u,v = l 


-f-i + l 


-n*+i 


(i-t) 


Proof. From [12], we know that if A is a simplicial complex of dimension d and 
/(A) = (/o, /i, ..., fd) its /-vector, then the Hilbert series of face ring k[A] is given 
by 

d p j.i+1 

/^(MA|.*) = i + E7rrEST' 

i=0 ^ ' 

By substituting the values of //s from Proposition 13.51 in this above expression, we 
get the desired result. □ 


4. Associated primes of the facet ideal lAA ^ Yu ,)) 

We present the characterization of all associated primes of the facet ideal lAA,{Qlr)) 
of spanning simplicial complex As{GA) l^^is section. 

Associated to a simplicial complex A over [n], one dehnes the facet ideal A{A) c 
S, which is generated by square-free monomials Xn ... Xis, where {uji, ■ ■ ■, As} is a 
facet of A. 

Lemma 4.1. If As{GA) the spanning simplicial complex of the r-cycles graph 
then 


^l<2<‘r 


lA^siQir)) = 


2<ic<r-l 

n(^i))ni n 


ni n ni n A..-A 

2<ia^ip<mi J \ —1 


Proof. Consider the spanning simplicial complex and let lA^siQir)) be 

the facet ideal of As{gA)- Since from jH Proposition 1.8], we know that a min¬ 
imal prime ideal of the facet ideal /j-(A) has one to one correspondence with the 
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minimal vertex cover of the simplicial complex. Therefore, in order to compute the 
primary decomposition of the facet ideal it is sufficient to compute all 

the minimal vertex cover of As{Q^^). 


Indeed clear from the dehnition of As{Qn j.) by Lemma 13^ that {et} is a 
minimal vertex cover of Ag^Q^^.) such that Ct ^ Cj V z G {1,..., r} . Moreover, 
is also a minimal vertex cover of As{Q^^^) with 2 < ia ^ ip < rrij^ — l for 
ja G {2,... ,r — 1} , 2 < ia ip < mi for Jq = 1 and 1 < ia ip A mr — l for Jq = r. 
Indeed for any G the intersection 

is nonempty. □ 


5. Cohen-Macaulayness of the face ring of As{Q^j.) 

In this section, we include some dehnitions and results from [2] and use them to 
show that the face ring of As{Qnr) is Cohen-Macaulay. 

Definition 5.1. [2] 

Let / C S' = k[xi,X 2 , ■ ■ ■ ,Xn] be a monomial ideal, we say that I will have the 
quasi-linear quotients, if there exists a minimal monomial system of generators 
mi, m 2 , ..., mr such that mindeg{Imi) = 1 for all 1 < z < r, where 

irai = (mi, m2, • • •, mi_i) : (m^). 

Theorem 5.2. [2] Let A be a pure simplicial complex of dimension d over [zz]. 
Then A will be a shellable simplicial complex if and only if Ir{^) will have the 
quasi-linear quotients. 


Corollary 5.3. [2] If the facet ideal /j-(A) of a pure simplicial complex A over [zz] 
has quasi-linear quotients, then the face ring is Cohen Macaulay. 


Theorem 5.4. The face ring of AgiG^r) is Cohen-Macaulay. 


Proof. By corollary 15.31 it is sufficient to show that Ijr(^Ag{Qf^)'j has a quasi-linear 
quotients in S k\jrii, Xi2, ■ ■ ■, ximi , ^21, 2^22, • • •, ^2(^2—1), • • •, ^ri , 2^r2, • • •, 

Xr{mr-I),xi, X2,...,Xi\. By lemma [TU we have 


- C(l) U ^(2) IJ C(3a) IJ C{3fe) |J i^(3c) 

Therefore, 

^s{Gn,r) ~ Jr*r) ~ ) ffi'2*2 ) ' ' ' 1 ^jrir] I ^ (jlh 0212 ,■ ■ ■ ,jrir) ^ 

and hence we can write. 


lA^siG^r)) 









Here It(As(G1 A) is a pure monomial ideal of degree n — r with Xf^ 
as the product of all variables in S except aiRii, a^j 2 i 2 ) • • • Now we will show 

that /j-(As(^^^)) has quasi-linear quotients with respect to the following generating 
system: 
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{Xi 

{Xi 


'( 11 , 21 ,. 




'(11,21.....(r-l)l,jrir) 


Ir ^ l},{a^.E(n.2i,....(r-2)i.(.-i)v_i,,w.) I ^ 


'(ll,21,...,(r —3)l,(r-2)i^_2,Jr —IV—1 >jVir) 


2 7^ I}? • • • : 


P' 

(11.2i2.J3*3'".l’'ir) 


*2 7^ 1}, 


ixp, ^ Ui 7^ 1} 

^ -^(1*1.12*2."'.iV^r) ' ^ 

Let us put 

C(ll,21,...,(r-l)ljV.i,.) = {V 
■) = {^1 


a 


{11,21,...,(r-l)l,jrir) 


(ll,21,...,(r-2)l,(r-l)v-l,ir*. 


'(ll,21,...,(r-2)l,(r-l)v_l.j,.ir) 


V 7^ 1}, 

i,—1 7^ 1}, 


Also for any j 2 i 2 ,...,irir)) denote j 2 * 2 ,...,>ir) the residue collection of all 
the generators which precedes C'(jiji,i 2 i 2 ,...,irir) the above order. We will show that 


(A. 


.J1*1,J212 




(J1*1«J2*2’---’VV) ^ 


contains atleast one linear generator. 

Now for any generator Xfh , the above said system of generators 

gnarantee the existence of a generator 

snch that jaia 7^ jkik- Therefore, by using the definition of colon ideal it is easy to 
see that 


(C(ll,...,(fc-l)ljfc4,...,>*r)) • ill,...,{k-l)l, jkik,■■■,jrir)) 

contains a linear generator Xj^i^,. Hence V(As(^^,.)) has qnasi-linear qnotients, as 
reqnired. □ 


We conclude this section with an example. 

Example 5.5. For the graph Q\q 2 given in Fig. 1., the facet ideal of the spanning 
simplicial complex is: 


-V(A^(^10 2)) (2^11,21, h/ll j2i2) ^’212) 

where (^11,^212 = 2:11^22,2:11^23) 2:11^12, and = 0:12,21,2:12,22,2:12,23,2:13,21,2:13,22,2:13,23- 

It is easy to see that, V(As(^(o 2 )) has quasi-linear quotients with respect to the 
ordering given to its generators (by applying above theorem). Hence the face ring 
of A 5 (^Jq 2 ) is Cohen Macaulay. 
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